LECTURES ON SPECIAL LAGRANGIAN 
SUBMANIFOLDS 

Nigel Hitchin 



Abstract. These notes consist of a study of special Lagrangian submanifolds 
of Calabi-Yau manifolds and their moduli spaces. The particular case of three 
dimensions, important in string theory, allows us to introduce the notion of 
gerbes. These offer an appropriate language for describing many significant 
features of the Strominger-Yau-Zaslow approach to mirror symmetry. 



1. GERBES 

1.1. What is a gerbe? The word gerbe is an odd one for English speakers 
- it is not a furry little animal, but derives instead from a French word in more 
common use (look at Renoir's painting "Petite fille a la gerbe"). However, it has in 
fact existed in the English language for some time. Here's what the Oxford English 
Dictionary gives: 

Gerbe. 1698 [ - Fr. gerbe wheat-sheaf ] 1. A wheat-sheaf 1808. 2. 
Something resembling a sheaf of wheat: esp. a kind of firework. 

and "something resembling a sheaf" is quite close to the mathematical meaning of 
the word. 

Before giving a definition, it's worthwhile to recognize when we, as mathemati- 
cians, might be in a situation where the language of gerbes could be relevant. We 
are basically in gerbe territory (for smooth manifolds) if any one of the following is 
being considered: 

• a cohomology class in H 3 (X, Z) 

• a codimension 3 submanifold M n ~ 3 C X n 



a 



Cech cocycle [g a ^] e H 2 (X , C°° (S 1 )) 



In the last case, this means a 2-cocycle for the sheaf of germs of C°° functions with 
values in the circle. 
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The main driving force for the study of gerbes presented here is in trying to 
understand the geometry of mirror symmetry for 3-dimensional Calabi-Yau mani- 
folds. Gerbes are relevant because there is good reason (the study of supersymmet- 
ric cycles) to focus attention on special Lagrangian submanifolds of 3-dimensional 
Calabi-Yau manifolds, and codimension three questions arise in two ways. Firstly, 
such a submanifold is 3-dimensional, and points are of codimension 3; and secondly 
the submanifolds themselves are of codimension 3 in the Calabi-Yau. We shall see 
both aspects emerging in Lecture 3. 

Gerbes were essentially invented by Giraud |8| and discussed at length by 
Brylinski They have also occurred in the work of Freed and of Murray. I 
have learned much about gerbes from talking to Dan Freed, and I also gave my 
student David Chatterjee the task of trying to approach gerbes from a concrete 
point of view. Some of the material of these lectures is taken from his thesis j5|. 
The reader should also look at Brylinski's book. 

To understand gerbes, we need to consider the other creatures in a hierarchy 
to which gerbes belong, and here the lowest form of life consists of circle-valued 
functions / : X — > S 1 . Consider the following features of such a function: 

• a cohomology class in H l {X, Z) 

• a codimension 1 submanifold M" _1 C X n 

• a Cech cocycle [g a ] G H°(X, C 00 ^ 1 )) 

The cohomology class is just the pull-back f*(x) of the generator x G H 1 (S 1 , Z) = 
Z. If we take the inverse image / _1 (c) of a regular value c G S 1 then this is 
a codimension one submanifold of X whose homology class is dual to the class 
f *(x) € H 1 (X, Z). Finally, given an open covering {U a } of X, a global function 
/ : X — > S 1 is built up out of local functions 

g a :U a ^> S 1 

which satisfy the cocycle condition 

909a 1 = 1 011 u a n Up 

Thus the three aspects of gerbes that we identified above all occur here, but in 
degree 1 rather than 3. 

The next stage up in the hierarchy consists of a unitary line bundle L, or its 
principal S^-bundle of unitary frames. Here we have: 

• a cohomology class in H 2 (X, Z) 

• a codimension 2 submanifold M n ~ 2 C X n 

• a Cech cocycle [g a p] G H^X, C 00 ^ 1 )) 

The degree 2 cohomology class is the first Chern class c\(L). If we take a smooth 
section of L with nondegenerate zeros, then this vanishes on X at a codimension 
two submanifold M Poincare dual to c±(L). And this time, if we take an open 
covering {U a } over each set of which L is trivial, we have transition functions 

which satisfy g@ a = g~^ and the cocycle condition 

gapg^gya = l on U a n Up n U 1 
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Now take an open covering of X and a map 

ff Q/ 3 7 : v a n Up n U 1 -> S 1 
on each threefold intersection with 

5a/3 7 = 5/3ct 7 = 5q7/3 = 9j/3a 

and satisfying the cocycle condition 

fig = gpi&gal&dapsg' 1 ^ = 1 on t/ Q n Up n t/ 7 n t/s 

We shall say that this data defines a gerbe. By this we mean that it suffices to 
define a gerbe in the same way that a collection of transition functions defines a 
line bundle or a collection of coordinate charts defines a manifold. It is imperfect 
only insofar as it doesn't address the question of the dependence of the definition on 
choices, but I don't want to complicate things by introducing sheaves of categories 
as in This is a working definition, and we are going to make gerbes work for us. 
To take an analogy, any introductory course on manifolds begins with the existence 
of a specific collection of charts and then goes on to discuss a maximal atlas of 
equivalent charts wherein is supposed to reside the definition of a manifold. On the 
other hand, the current version of MathSciNet lists 60,509 references to "manifold" 
and only 15 of these contain a reference to "maximal atlas" . For working purposes a 
single collection of charts will often be enough. Note that a gerbe is not a manifold, 
unlike the total space of a principal bundle. This is a necessary consequence of its 
definition in terms of threefold intersections of open sets. Manifolds by definition 
involve comparing charts only on twofold intersections. 

An obvious feature of gerbes is that we can take tensor products of them (prod- 
ucts of the cocycles) and pull them back by maps. Also, it is clear that a gerbe 
defined this way has a characteristic class in iJ 3 (X, Z) . This follows from the long 
exact cohomology sequence of the exact sequence of sheaves 

-> Z -> C*°°(R) cxp ^ lx c^iS 1 ) -> 1 

Since C°° (R) is a fine sheaf, we have 

-> -> H 2 (X, C^iS 1 )) = H 3 {X, Z) -> 

We might say that topologically a gerbe is classified by its characteristic class just 
as a line bundle is determined topologically by its Chern class. 

1.2. Trivializations of gerbes. We can't point to a gerbe as a space in the 
same way that we can for a line bundle, but there is a fundamental notion which 
helps to understand them - a trivialization of a gerbe. 

Recall that for line bundles a trivialization is a non- vanishing section s of L. A 
unitary trivialization (s/||s||) is also a section of the principal S^-bundlc. In terms 
of transition functions this is a collection of circle-valued functions f a '-U a —> S 1 
such that, on U a (lUp, 

fa = 9apfp 

Given another trivialization f' a : U a — > S 1 we have f' a = g a pf'p and so we find that 

Sal fa = f'p/fp 

Thus fa/ fa is the restriction of a global function to U a and we see that the difference 
of two unitary trivializations of a line bundle is a global function f : X — > 5 1 . 
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We say now that a trivialization of a gerbe is denned by functions 

U = fpa ■■u a nu fj ^s 1 

on twofold intersections such that 

In other words a trivialization is a specific representation of the cocycle g a pj as a 
Cech coboundary. Here the difference between any two trivializations f a p and f' a/3 
is given by 

h a p = f' a /}/ lap 

so that hp a = h~p and 

hafihfj-fh^a = 1 

In other words the difference of two trivializations of a gerbe is a line bundle. 

Over a particular open set Uq in our definition of a gerbe there is a trivialization. 
We just define, for (5, 7 7^ 0, fp 1 = 30/377 so that the cocycle condition Sg = 1 gives 

S/3 7 «5 = fpjfjsfsp 

If we supplement this with fop = 1> we have a trivialization as defined above. In this 
approach our gerbe has a local trivialization over each U a and so on the intersection 
U a nUp, we have two trivializations which differ by a line bundle L a p. With this 
we can define a gerbe using twofold rather than threefold intersections. The only 
difference from this point of view is that we move one step up the hierarchy and 
use line bundles on U a P Up rather than functions. A gerbe is defined using this 
language by: 

• a line bundle L a p on each U a P Up 

• an isomorphism L a p = L^ a 

• a trivialization 9 a pj of L a pLp 7 L ja (tensor product) on U a Pi Up Pi U 1 

• the trivialization 9 a p 1 satisfies 89 = 1 on U a P Up P U 7 P Us 

With regard to the last condition, the point to notice is that 69 is a section of a 
tensor product of 12 line bundles corresponding to the 12 ordered pairs of elements 
from {a, /?, 7, 8}. Using the isomorphisms L a p = L^ a , the products cancel in pairs 
and so this becomes a section of the trivial bundle where the trivial section 1 is 
well-defined. 

It is through this definition that we can consider concrete examples of gerbes. 

Example 1.1. Let Spin(n) be the connected double covering of SO(n). Then 
the Lie group Spin c (n) is defined as 

Spin c (n) = Spin(n) x±i S* 1 

It has surjective homomorphisms p\ , P2 to SO(n) and S 1 respectively. Now suppose 
P is a principal SO(n) bundle over a manifold X. We can ask whether there exists 
a principal Spin c (n) bundle P associated to P by the homomorphism p\. If such 
a lift exists, a particular choice is called a Spin c -structure, and two such lifts are 
equivalent if there exists an isomorphism compatible with the projection p\. This 
is a common enough question in differential topology. Usually the answer is that 
if the second Stiefel- Whitney class w^iP) is the mod 2 reduction of an integral 
class in H 2 (X, Z) then a Spin c structure exists, but is not necessarily unique. Two 
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such structures differ by a principal S 1 bundle, as consideration of the transition 
functions will reveal, taking account of the fact that S 1 C Spin c (n) is in the centre. 

Now restricted to a suitably small open set U a , the bundle P has a Spin c 
structure. Think of a choice of such a structure as a trivialization of a gerbe 
over U a . Then the difference of two trivializations over U a (~l Up is a principal S 1 
bundle - a unitary line bundle L a p. The required conditions on these line bundles 
to define a gerbe follow from the cocycle conditions for the transition functions 
g a p : U a fl Up — > SO(n) for the principal bundle P. The characteristic class in 
H 3 (X, Z) arises from the exact sequence of constant sheaves 

^ Z ^ Z ^ Z/2 ^ 

which gives 

> H 2 (X, Z) ^1 i? 2 (X, Z) -> H 2 (X,Z/2) -> H 3 (X, Z) -y . . . 

The image of iu 2 (-P) under the (Bockstein) homomorphism in this sequence is the 
obstruction to this class being the reduction of an integral class, but for us it is 
interpreted simply as the characteristic class of the gerbe. Of course this is 2-torsion 
and so a very special case. 

Example 1.2. Let X be an oriented 3-manifold, and choose a point p G X. 
Now cover X with two open sets, U\ = R 3 a coordinate neighbourhood of p, and 
U a = X\{p}. Then 

U n Ux S R 3 \{0} = S* 2 x R 

We define a gerbe £? p by taking the line bundle Loi on C^o H U\ as the pull-back 
from S 2 of the line bundle whose first Chern class is the generator of H 2 (S 2 , Z), 
that is the principal S 1 bundle S 3 — > S* 2 . The choice of orientation on X gives an 
orientation on S 2 and hence a choice of generator. There are only two open sets in 
this definition so nothing more needs to be checked. In this case, if X is compact, 
the characteristic class of Q p is the generator of H 3 (X, Z) = Z. The construction is 
the analogue of defining a holomorphic line bundle C p from a point p in a Riemann 
surface. 

Example 1.3. Take M n ~ 3 C X n to be an oriented codimension 3 submanifold 
of a compact oriented manifold X. We can generalize the previous construction to 
this situation. Take coordinate neighbourhoods U a of X along M, then U a = 
(U a n M) x R 3 Now take U = X\N(M), where N(M) is the closure of a small 
tubular neighbourhood of M, diffeomorphic to the disc bundle in the normal bundle. 
Here 

U n U a ^ U a n M x {x G R 3 : ||x|| > e} 

and as before we define i Q o as the pull-back by x i— ► a;/||ar|| of the line bundle of 
degree 1 on S 2 . The line bundle L a p — L a oLg is defined on 

U a n Up\N(M) = (U a nU fj n M) x {x G R 3 : > e} ~ 5 2 

But by construction ci(L Q( g) = is zero on 5 2 and so extends to a trivial bundle 
on the whole of U a fl Up. This provides us with all our line bundles to define a 
gerbe. This is the analogue for gerbes of the construction of a holomorphic line 
bundle from a divisor, and the characteristic class of the gerbe in H 3 (X, Z) is just 
the class Poincare dual to the homology class of the submanifold M n ~ 3 . 
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Note that if we restrict this gerbe to the submanifold M we used to define it, we 
get the Spin c (3) gerbe of the normal bundle N. This follows because Spin c (3) = 
U(2) (since Spin(3) S SU(2)). Viewing S 2 as CP 1 , then a Spin c (3) structure on a 
rank 3 orthogonal vector bundle V is the same thing as finding a rank 2 complex 
vector bundle E such that the projective bundle P(E) is isomorphic to the unit 
sphere bundle S(V). Given E, there is a tautological line bundle over P(E) whose 
fibre at x £ P{E) consists of the one-dimensional space x, and its dual has first 
Chcrn class f . Conversely a choice of line bundle over S(V) gives the vector bundle 
E. But now a tubular neighbourhood of M is diffeomorphic to the normal bundle, 
so the choice of the line bundle L 0a in the definition of the gerbe fixes a line bundle 
over S(N)\u a , and this is a local trivialization of the Spin c (3) gerbe of N. The line 
bundle L a p is the difference of these two on (7 a fl and so we get globally the 
Spin c (3) gerbe of the normal bundle. 

1.3. Connections. Gerbes are not just topological objects: we can do dif- 
ferential geometry with them too. We shall next describe what a connection on a 
gerbe is. To begin with, let's look at a connection on a line bundle which is given 
by transition functions 

g a p -.u a nu ^ s 1 c c* 

A connection consists of 1-forms A a defined on U a such that on a twofold intersec- 
tion U a CiUp we have 

iAp - iA a = g~pdg a/3 

Since d(g~pdg a p) — 0, dAp — dA a = on U a fl Up and so there is a global closed 
2-form F, the curvature, such that 

F\ Ua = dA a 

There is a converse to this, which arises in particular in the study of geometric 



quantization (see 17|). Suppose F is a closed 2-form on a manifold X and we take 
a finite covering by open sets such that all of their intersections are contractible (e.g. 
convex neighbourhoods using a Riemannian metric). Then by the Poincare lemma 
we have 1-forms A a defined on U a such that F\u a = dA a , and since dAp — dA a = 
F — F = on U a n Up, applying the Poincare lemma again we have functions 
fap ■ U a n Up — » R with Ap — A a = df a p. Finally if the de Rham cohomology class 
[F]/2ir £ H 2 (X,H) is the image of an integral class then there is a choice of f a p 
such that g a p : U a (~l Up — > S 1 defined by g a p — exp(if a p) is a cocycle. Now we 
can reinterpret what we have done as saying that F is the curvature of a unitary 
connection on a line bundle with transition functions g a p. 

Repeatedly using the Poincare lemma is just the standard way of relating de Rham 
to Cech cohomology, and we can do the same for a closed 3-form G: 

G\ Ua = dF a 
Fp — F a = dA a p 
A a p + Ap 1 + A 

Moreover if [G]/2tt £ H 3 (X, R) is the image of an integral class we can again write 
<7q/37 = exp(z/ Q( 3 7 ) and obtain a cocycle. This permits us to define a connection on 
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a gerbe defined by a cocycle g a p^ : U a (~l Up U 1 — * S 1 by forms which satisfy 

G\ Ua = dF a 
Fp — F a = dA a p 
iA a p + iAp y + iA ja = g~p 7 dg a py 

We call the closed 3-form G the curvature of the gerbe connection. Not surprisingly, 
it represents in real cohomology the characteristic class of the gerbe. 

The A a p are 1-forms on twofold intersections, and we could if we wanted in- 
terpret them as connection forms for connections on line bundles. In fact, let us 
adopt the line bundle definition of a gerbe: 

• a line bundle L a p on each U a H Up 

• an isomorphism L a p = LJ^ 

• a trivialization 9 a pj of L a pLp 7 L^ a on U a (~l Up fl U 1 such that 

• 59 = i on u a n Up n Uj n u 5 

We don't need these open sets to be contractible, and we can define a connection 
in this formalism as follows: 

• a connection \7 a p on L a p such that 

• V Q( 3 7 # Q/ 3 7 = 

• a 2-form F a e Q 2 (U a ) such that on U a CiUp, Fp — F a = F a p — the curvature 
of \7 a p 

Here V Q ^) 7 is the connection on L a pLp 7 L 7a induced by the given connections on 
the line bundles L a p. 

We shall say that a connection on a gerbe is flat if its curvature G vanishes. 
Under these circumstances dF a = 0, so using a contractible covering, we can write 
F a = dB a on U a and then on U a C\Up, 

Fp-F a = dA a p = d(Bp - B a ) 

This in turn implies 

A a p - Bp + B a — df a p 
But from the definition of connection 

iA af3 + iAp y + iAy a = g^dgapy 

and so 

d(if a p + ifp 1 + if ja - log g a p 7 ) = 
Of course log g is only defined modulo 2iriZ so what we have here is a collection of 
constants 

c a p 7 G 27rR/Z 

The 2-cocycle c a p~ f /2ir represents a Cech class in H 2 (X, R/Z) which we call the 
holonomy of the connection. 

For purposes of comparison, the holonomy of a flat connection on a unitary line 
bundle is given by parallel translation around closed loops. It defines a homomor- 
phism from iri(X) to S 1 = R/Z, or equivalently an element of H 1 (X, R/Z). If we 
wish, then we can think of a gerbe with flat connection as having holonomy around 
a closed surface S c X: since H 2 (S, R/Z) = R/Z, we get an angle of holonomy 
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around each surface. In fact, since the curvature is a 3-form, any connection is flat 
on a surface S, and so has holonomy. 

For a line bundle, when the holonomy is trivial we get a covariant constant 
trivialization of the bundle. What happens for a gerbe? If the holonomy is trivial, 
then c Q( 3 7 is a coboundary, so that there are constants k a p € 27rR/Z such that 

This means that if we put 

exp(i/ Q)3 - ik a p) = h a p 

then 

and so we have a trivialization of the gerbe, which we can call a covariant constant 
trivialization or, more briefly, a flat trivialization. This is not unique. Suppose we 
have a second flat trivialization h' a/3 then g a p — h! a ^jh a (i defines a line bundle L. 
Now 

iBp - iB a - iA a/3 = d\ogh af 3 
iB'p - iB' a - iA a(i = dlogh' a0 

so 

i{B' - B) fj - i(B' - B) a = d\og 9aP 
and this defines a connection on L. By definition of B a and B' a , 

F a = dB a = dB' a 

so the curvature of this connection is d(B' a — B a ) = 0. Thus the difference of two 
flat trivializations of a gerbe is a flat line bundle. We should compare this in the 
hierarchy with the observation that a covariant constant unitary trivialization of a 
line bundle is not unique: any two differ by a constant function to the circle. 

We can apply these ideas to a loop in X: a smooth map / : S 1 — > X. Since S 1 
is only 1-dimcnsional, the pull back of a gerbe with connection to the circle is flat 
and has trivial holonomy. Thus we have flat trivializations. Suppose we identify 
flat trivializations if they differ by a flat line bundle with trivial holonomy. Call 
the space of equivalence classes the moduli space of flat trivializations. Then to 
each loop we have a space which is acted on freely and transitively by the moduli 
space of flat line bundles H 1 (S 1 , R/Z) = S 1 . In other words we have a principal S 1 
bundle over the loop space Map(5 1 , X). Moreover, take a path in the loop space 

F : [0, 1] x S 1 -► X 

Since [0, 1] x S 1 is 2-dimensional the pulled back gerbe is flat and since [0, 1] x S 1 ~ 
S 1 its holonomy is trivial and moreover there is a canonical isomorphism between 
the moduli space of flat trivializations of the gerbe on {0} x S 1 and {1} x 5 1 . 
This defines the notion of parallel translation in the principal bundle, and hence a 
connection on the line bundle over the loop space. 

This can be a useful way of viewing gerbes with connection: the curvature 
3-form G gets transgressed to a 2-form on the loop space, the curvature of the 
line bundle connection defined above. However, to reformulate gerbes in the more 
familiar language of line bundles we have had to go to infinite dimensional spaces. 
Moreover, the connection is not arbitrary. If we decompose a surface as a loop 
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of loops in two different ways, the holonomy is the same, ft is like saying that a 
unitary line bundle with connection defines a function H : Map(S' 1 ,X) — > S , the 
holonomy of the connection around the loop. This too is a special function: the 
value of the map is 1 on any loop which retraces its steps. 

1.4. Examples of connections. Take our first example of a gerbe, the Spin c 
gerbe for a principal SO(rt) bundle P. The group Spin c (n) = Spin(n) x±i S 1 has a 
homomorphism pi : Spin c (?i) — ► S 1 which means that any choice of Spin c structure 
over U a defines a unitary line bundle L a . The line bundle L a p on U a R Up then 
satisfies 

From this it is clear that the square of the Spin c gerbe is trivial because we can 
change the trivialization on U a by the line bundle L a to make the trivial bundle. 
Its characteristic class is therefore a 2-torsion class. If we choose a connection 
on each L a , with curvature F a , this defines a connection on L 2 a p with curvature 
F/3 — F a . We can find connections V a f3 on L a p satisfying the conditions above with 
curvature F a p and 

F a p = -(F/3 - F a ) 

Since F a is the curvature of a connection, dF a — and so the gerbe connection is 
flat. Its holonomy is the image of (P) under the natural homomorphism 

H 2 (X,Z/2) -> H 2 {X,K/Z) 



Now consider our second example, the gerbe Q p for a point p G X where X is a 
compact 3-manifold. Choose a Riemannian metric on X with volume form V and 
total volume 2tt. 

We shall use the language of currents, or distributional forms. On a manifold 
X n a smooth p-form a defines a linear form on fl n ~ p (X) by 



(a,0) = / aAp 
J x 

and then by Stokes' theorem 

{da, (3) - (-ir +1 (a,d(3) 

The theory of currents extends this to more general linear forms on £l n ~ p (X). In 
particular if / : Y — > X is a smooth map of an (n — p)-manifold, possibly with 
boundary, then 



is a current. An example is the case p = n, and the Dirac delta function S x of a 



point x £ X. There is a de Rham and Hodge theory of currents (see [14 ) 



Now the homology class of a point is dual to the de Rham cohomology class 
V/2ir, and so in the language of currents, for our point p G X 3 , the form V — 2tt6 p 
is cohomologous to zero. It follows from the Hodge theory of currents that we can 
find a current H such that 

AH = V— 2-k8 p 
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The current is unique modulo a global harmonic 3-form (i.e. a constant multiple of 
V) and by elliptic regularity H is a 3-form which is smooth except at p where the 
function <fi — *H has a singularity of the form 

Now take a local smooth 3-form Hi on the coordinate neighbourhood U\ such that 

AHi = V 

and define the 2-forms F Q = d*H on U = X\{p} and Fi = d* Hi on Ui. Note 
that Fo is now independent of the choice of H. We have dF^ = dd*H = AH = V 
on Uo and dFi = dd* Hi = V on Ui. To produce a connection with curvature V 
we need to identify (Fi — Fq) as the curvature of a connection on a line bundle on 
U nUi= R 3 \{0} with first Chern class the generator of H 2 (R 3 \{0}) = Z. So take 
a closed ball B centred on p in the coordinate neighbourhood Ui and <p a smooth 
function of compact support in Ui which is identically 1 in a neighbourhood of B. 
By the definition of H and Hi . 



(dd*H,ip) = [ <pV-2ntp(p) 



ipdd*Hi = I <pV 

I Ui JUx 

so subtracting, 

(d(d*H - d*Hi),tp) = -2tt 

since ip(p) — 1. But d*H — d*Hi is a smooth closed 2-form outside p, so this is the 
same as restricting to B, and there tp = 1, so we have 

-2tt= {B,d{d*H -d*Hi)) = {dB,{d* H - d* H x )) = [ (d*H-d*Hi) 

JdB 

Thus (Fi — Fq)/2tt — d*(Hi — H)/2tt has integral cohomology class, a generator of 
the cohomology group, and so (Fi — Fq) is the curvature of the required connection 
on the line bundle Lqi ■ We therefore have a gerbe connection on Q v with curvature 
V. 

1.5. An infinitesimal viewpoint. Although I have been emphasizing a down 
to earth point of view in this discussion on gerbes, we finish here with an attempt 
to rid the notion of a connection on a gerbe from any dependence on a covering. 
The reader might wish to skip this and go on to the applications of gerbes. 

From the description of gerbe connections above, it looks as if a trivialization of 
a connection defines a connection 2-form F a just as a trivialization of a line bundle 
defines a connection 1-form A a . This is not quite true. To see what really happens, 
we should study connections on the trivial gerbe, that is where g a /3-y = 1- In this 
case, a connection is defined by 

(1.1) Fp-F a = dA a0 

(1.2) A a(3 + A fiy + A ia = 



The second equation (1.2) says we have a 1-cocycle with values in fi 1 . It defines 
a vector bundle E which is an extension of the trivial bundle by the cotangent 
bundle: 
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To be concrete, this is described by transition functions which are matrices 

/ 1 ... \ 



a i 

«2 
V a n 










1 / 



where A a p = aidxi+ci2dx2 + - ■ ■+a n dx n . The first equation (1.1) defines a splitting 
of the extension A 2 T* — > E' — > 1 determined from the exterior derivative of A a p. 
In concrete terms, we can consider the extension obtained from E just by tensoring 
with T* 

-> T* ® T* -> T* ® E -> T* -> 
and if we define T* A by T* <8 E/Sym 2 T* then we have 

-> A 2 T* ^T'AfiAr^O 

and the splitting of the exterior derivative extension determined by F a can be 
interpreted as a first order linear differential operator 

D : C°°(E) -> C°°(T* A E) 

with the properties that for a section e 6 C°°(E) 

• D(/e) = <# A e + /De 

• if e G C°°(r*) C C°°(E) then De = de G C°°(A 2 T*) C C°°(r* A E) 

• if 7r(e) = / then ir(De) = df 

Any two such operators on the same bundle E differ by a zero order term: 

( J D 1 - J D 2 )(e)= J P7r(e) 

where F is a 2-form on X. 

There is a natural class of examples of such extensions and differential operators. 
Let L be a line bundle and Ji(L) the bundle of 1-jets of sections: its fibre at a 
point x £ X is C°° (L) / K x where K x is the vector space of sections which vanish 
together with their first derivative at x. Given any section s G C°°(L) its image in 
C°°(L)/K X as x varies defines a section ji(s) of Ji(L) - the 1-jet of s. Evaluating 
the section at x gives a homomorphism ir : J\{L) — > L with kernel L ®T* . Thus 
J\{L) is an extension 



-> L <g> T* 



Ji(L) 



L 



and L 1 J\{L) is an extension: 



(1.3) 



-► T* L -1 Ji(L) -> 1 



If L is a complex line bundle then this is strictly speaking complex, with the exten- 
sion class defined by A a p — g~pdg a p but a unitary structure expresses it as a real 
bundle since then A a p is imaginary. Another way of looking at it, as in Q, is to 
take the principal circle bundle P of the line bundle L. Then T*P/S 1 = L~ 1 Ji(L). 
From either point of view a unitary connection on L is just a splitting of the ex- 
tension (1.3). 
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Now the bundle L~ 1 Ji(L) has a distinguished family of local sections, namely 
those of the form j\ (s) for a non- vanishing local section s and there is a differen- 
tial operator as above such that any local solution to -Dz,(e) = with n(e) = 1 
is of the form e = s~ 1 ji(s). 

We see that a connection on the trivial gerbe is defined by a pair (E,D). A 
choice of splitting of the extension E = T* © 1 allows us to define D by a 2-form F 

D(a,f) = (da + Ff,df) 

The curvature of this gerbe connection is dF, but now the connection "form" is F 
only after choosing a splitting. 

If we have a trivialization of the trivial gerbe, this is given by h a p satisfying 
ha0hp-yh^ a = 1 and 

iA' a/} = iA afj + h-pdh a0 , F' a = F a 

can be thought of as defining the same connection relative to the new trivialization. 
If we now regard the difference of two trivializations of a gerbe as a line bundle L, 
then we can say that the bundle of the connection E' for one trivialization differs 
(as an extension) from the bundle E of another by L^ 1 J\{L), with the differential 
operators coinciding. Thus a connection on a gerbe, relative to local trivializations 
over open sets U a , is given by pairs (E a ,D a ) such that on U a (~l Up 

Efj - E a = L~pJi(L a p), Dp - D a = D Lafs 

This makes a gerbe connection more like that of a connection on a line bundle. 
The description above of a connection in terms of 2-forms and connections on line 
bundles just involves the extra data of splitting all the extensions. We can push 
the language further by thinking of the vector bundle E over a point x as the 1-jet 
of a line bundle and E together with its differential operator D as the 2- jet of a 
line bundle. We know that the difference of two trivializations is a line bundle, so 
we would like to formulate the notion of a connection on a gerbe in the following 
infinitesimal form: 

A gerbe connection extends each trivialization at a point to a 2- jet of a trivializa- 
tion. 

For most purposes this may not be a useful working definition, but it is certainly 
compatible with the view of parallel translation in line bundles as a distinguished 
way of extending a non-zero section of a line bundle at a point to the 1-jet of a 
section. 

2. MODULI SPACES OF SPECIAL LAGRANGIAN 
SUBMANIFOLDS 

2.1. Special Lagrangian submanifolds. A Calabi- Yau manifold is a Kahler 
manifold of complex dimension n with a covariant constant holomorphic n-form. 
Equivalently it is a Riemannian manifold with holonomy contained in SU(n). 

All Ricci-flat manifolds with special holonomy share the feature that their ge- 
ometry is determined by a collection of closed forms. In this case we have the Kahler 
2-form u> and the real and imaginary parts Q,i and 1^2 of the covariant constant 
n-form (note we have here made a choice for Oi + ifl 2 - any other will differ by 
multiplying by a complex number). These forms satisfy some identities: 
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to is non-degenerate 

£li + id.2 is locally decomposable and non- vanishing 
£!iAw = fi 2 Aw = 

(Sli + 1VI2) A (f2i — — cut 71 for a constant c 
duj = 0, dfii = 0, d0 2 = 



and one can show in fact (see [11]) that these suffice to define the metric and 
complex structure. 

A submanifold M of a symplectic manifold Z is Lagrangian if ui restricts to zero 
on M and dimZ = 2dimM. A submanifold of a Calabi-Yau manifold is special 
Lagrangian if in addition f2 2 restricts to zero on L. In this case (when we choose 
c appropriately), the real part Qi of the holomorphic n-form when restricted to M 
is the volume form V of the induced metric on M. 

Concrete examples of special Lagrangian submanifolds are difficult to find, and 
so far consist of three types: 

• complex Lagrangian submanifolds of hyperkahler manifolds 

• fixed points of a real structure on a Calabi-Yau manifold 

• explicit examples for non-compact Calabi-Yau manifolds 

In this lecture we shall be looking at 3-dimensional examples, in which case the 
hyperkahler case is irrelevant. If Z is a Calabi-Yau manifold with a real structure 

- an antiholomorphic involution a for which <t*lu = —lu and <r*i7 2 — —^2 ~ 
then the fixed point set (the set of real points of Z) is easily seen to be a special 
Lagrangian submanifold. Real forms of concrete Calabi-Yau's occur for example by 
taking a quintic hypersurface in CP 4 given by a polynomial with real coefficients. 



In the non-compact case, Stenzcl [15| has some concrete examples. In particular 
T*S n (with the complex structure of an affine quadric J^o z f = 1) nas a complete 
Calabi-Yau metric which one can write down. In this case the zero section is special 
Lagrangian. This is the sphere xf = 1, the fixed point set of the real structure 
zi 1 ► Zj. The noncompact fibres are also special Lagrangian. 

Non-explicit examples can be shown to exist by deformation. The fundamental 



tool here is the theorem of McLean [12]. This shows that given one compact special 
Lagrangian submanifold Mo, there is a local finite dimensional moduli space of 
deformations whose dimension is equal to the first Betti number b\ (Mo). Thus 
in Stenzel's example the zero section of T*S n , being simply connected, is rigid. 
Nevertheless, starting with a set of real points in a suitable compact Calabi-Yau, 
and deforming, one can certainly assert the existence of compact special Lagrangian 
submanifolds. One such approach can be found in The problem is to investigate 
the global structure of the moduli space and so far the appropriate tools are not 
available. Despite the lack of explicit examples, we can still study the differential 
geometry of the situation. 



2.2. Moment maps and gerbes. In this lecture I want to give a description 
of the natural local differential geometry of the moduli space from the point of view 
of symplectic geometry and moment maps. Gerbes will appear in a natural way 
here when the complex dimension of the Calabi-Yau manifold (and hence the real 
dimension of a special Lagrangian submanifold) is 3. The original idea is due to 
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S.K. Donaldson Q, as an approach to one of many problems in differential geom- 
etry. We begin with the observation that the volume form of a special Lagrangian 
submanifold M is the restriction of the closed form Sit- This means the total vol- 
ume of Mo just entails evaluating the cohomology class [Sit] G H 3 (Z, R) on the 
fundamental class [Mo] £ H^{Mq,Ti"). Thus when we deform Mq using McLean's 



theorem, the total volume remains the same. Now by a theorem of Moser [13 1 , this 
means that each submanifold M in the family of deformations is diffcomorphic as 
a manifold with volume form to Mq. 

We start then with a fixed compact oriented 3-manifold M with volume form 
V, and consider the infinite dimensional space 

Map(M, Z) 

of smooth maps to a Calabi-Yau 3-fold Z. A tangent vector to this space at a map 
/ : M — > Z is a section X of the pulled back tangent bundle f*(TZ). We now 
define a 2-form on the space of maps by 



<p{X,Y) = / uj(X,Y)V 

J M 

This is formally non-degenerate, but also, 

Lemma 2.1. The 2-form ip is closed. 

Proof. Consider the evaluation map 

E : Map(M, Z) x M Z 

defined by E(f,m) = /(to). Let p be the projection from the product to the first 
factor, then the definition of tp above is equivalent to 

tp=p*{E*LuAV) 

where denotes integrating over the fibres M. Since dio — and dV — 0, and M 
is compact without boundary, 

dip = dp*(E*Lu AV)= p*{d(E*uj A V)) = 

□ 

We can thus think of Map(M, Z) as an infinite-dimensional symplectic manifold. 
Moreover, the group Diffy(M) of volume-preserving diffeomorphisms acts on the 
space Map(M, Z) preserving the symplectic form. We can ask whether there is a 
moment map for this action. 

Recall that if a Lie group G acts on a manifold N, there is a homomorphism 
£ X(£) from the Lie algebra g of G to the Lie algebra of vector fields and if the 
group action preserves a symplectic form tp then since dip = 

= C x{i) <p - d( 4 (X(0)¥>) + t(X(t))<kp = d(fc(X(0)¥>) 

so for each £, o(X(£))<p is a closed 1-form and hence locally the differential of a 
function. If there exists a global equivariant function 

to the dual of the Lie algebra such that 

d(»,o = L(x(0)<p 

then /i is called a moment map. 



LECTURES ON SPECIAL LAGRANGIAN SUBMANIFOLDS 



15 



To find a moment map for the action above with N — Map(M, Z) and G = 
Diff v (M) , we need to look at the Lie algebra g of the group Diff y (M) . This consists 
of the vector fields X on M such that Cx V = 0, or equivalently d{i{X)V) = since 
V is of top degree and hence closed. Thus since V is everywhere non- vanishing, 
X i — y t(X)V gives an isomorphism from the Lie algebra to the space of closed 2- 
forms. Taking the de Rham cohomology class we have vector space homomorphisms 

(2.1) -» flo -» & -» ff 2 (M, R) -> 

Now since = 

t([x,y])y = l(c x y)v = Ax-(t(y)t0 = 

since is closed. Hence the cohomology class of i([X, Y])V is trivial, and 

( p.l| ) is a sequence of Lie algebra homomorphisms, with the trivial Lie bracket on 
H 2 (M, R) . The Lie algebra go is the space of exact 2- forms and its dual is 

Bo* = SI 1 (M)/ herd 
We see this through the non-degenerate pairing between 1-forms and 2-forms 

(a,/3)= a A (3 
Jm 

so if (a, /3) =0 for all exact € tt 2 (M ) then 

0=/ a A d>y = da A7 
Jm Jm 

for all 7 € J7 1 (M) which implies cia = 0. Thus go* is the quotient of all 1-forms 
modulo closed 1-forms as claimed. 

We need to find a Lie group whose Lie algebra is jjo ; an d here gerbes come to 
the rescue. Assume that the total volume of M is 2ir. Then [V/27r] € H 3 (M, R) is 
an integral class and so there are gerbes with connection whose curvature is V (call 
these "degree 1 gerbes"). Let Q be a degree 1 gerbe then so is h*Q if h : M — > Af 
is a volume preserving diffeomorphism. Hence (h*Q)Q _1 has curvature zero and so 
is a flat gerbe. The holonomy of this gerbe therefore determines a map 

DiffV(M) -> H 2 (M,H/Z) 

Let G C Diffy(M) be the component of the identity, then G acts trivially on the 
cohomology and the map above restricted to G is a homomorphism of groups: 

1 -> G -> G -> H 2 (M, R/Z) -> 1 

The group Go can therefore be interpreted as the subgroup of the identity com- 
ponent of the group of volume preserving diffeomorphisms which preserves the 
equivalence class of each degree one gerbe. We shall show that Go has a moment 
map. 

The space Map(M, Z) has in general many components. In particular, for each 
map / : M — > Z we have a distinguished cohomology class 

[/**] eff 2 (M,R) 

Since we are looking for Lagrangian submanifolds, those for which f*uu = 0, we 
need only restrict our search to the subspace Map (M, Z) for which this class is 
zero. Thus for each / S Map (Af, Z), 

f*oj = de 
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where £ J7 1 (M) is well-defined modulo closed 1-forms. For each / we thus have 
a well defined element 

[6>/] £ n 1 (M)/kerd = Q* Q 
Theorem 2.2. (see @|J TTie group Go acting on Map (M, Z) has moment map 

rtf) = [Of] 

Proof. We first have to find the map £ i— > -^(£) arising from the action of 
Diffy(M). For a map / : M — > Z this action is composition with the diffeomor- 
phism h- 1 e Diffy(M): 

Hf) = foh- 1 

Under the evaluation map, we have 

E(h(f), h{x)) = h{f)(h{x)) = f{h~ x h{x)) = f{x) = E(f,x) 
Thus (eg acts on Map (M, Z) by the vector field X(£) where 

(2.2) dE(X(O,O=0 

Now write ui = al6 in a neighbourhood of f(M) £ Z. We have 

£*(0) = (01,0a) 
and 0i is still Diff y(M) invariant. From ( |2.2| ) we obtain 

(2.3) 8iWO) + «2(O = 

Now by the definition of the symplectic form tp, we have, near /, 

Lp = p*{E*uj AV) =p4E*d§AV) = dp*(E*6 AV) = dtjj 

and now 

(2.4) t(X(0)f = t(X(0)# = -d(t(Jr(f))^) 
since ^ is Diffy(M) invariant. But tp = p*(E*d A V) so from (b., 



(2.5) - / = - / m&2)v 

Jm jm 
But 02 A V = since M is only 3-dimensional, so 

= t(0(fla A V) = W£)0 2 ) A V - 2 A t(£)F 



Thus from (|2J) and (|2j), 

t(X(0)^ = d I (i(O02)V = d f 2 A (i(t)V) 
Jm jm 

Thus for £ G O , t(£)V is exact and the class of 02 (which restricted to {/} x M £ 
Map (Af, Z) x M is the form for which /*w = d6) is the moment map. 

□ 



From this proposition, we can see that the zero set of the moment map consists of 
maps / for which f*u> = dO where is closed, i.e. f*cj — 0. Amongst these are the 
Lagrangian submanifolds. We consider next the special Lagrangian condition. 
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2.3. Kahler quotients. We used the symplectic form u> on Z to put a sym- 
plectic structure on Map(M, Z). We can use the complex structure I : TZ — > TZ 
to define a complex structure on Map(M, Z), If X e C°°(f*TZ) is a section of 
the pulled back tangent bundle, so is IX, and formally speaking this structure is 
integrable. Now consider the subspace 

S = {/ e Ma Po (M, Z) : /*0 2 = 0, /*fii = U} 

Note that imposing the condition f*Q\ = V implies that maps in S are immersions. 

Lemma 2.3. The subspace S is a complex submanifold of Map(M, Z). 

Proof. Differentiating the two conditions f*VL 2 = and /*f2i = V, we see 
that X e C°°(f*TZ) is tangent to S if and only if 

(2.6) d(tpf)fti) = 0, d(i(X)fl 2 ) = 

when pulled back to M. But fli + iQ 2 is a 3-form on Z of type (3, 0) so that 

(2.7) i(IX)(fli + £Q 2 ) = u(X)(Sli + iQ 2 ) 
and hence 

t(/X)fii = -l(X)Q 2 , l{IX)Q 2 = i{X)fli 
From ( |2.6| ) we see that if X is tangent to 5 then so is IX, so that S is complex. □ 

Now S is a complex submanifold of a Kahler manifold and hence Kahler. Moreover 
it is invariant under Diffy(Af), so we can consider the action of Go C Diffy(M) on 
it. The zero set of the moment map for this action on S consists of the space of 
immersions of M into Z such that 

fu = 0, /*«! = V, /*fi 2 = 

so that the embeddings in this family are precisely the special Lagrangian subman- 
ifolds which are diffeomorphic as manifolds with volume form to (M,V). They 
are, however, represented as maps, in other words as parametrized submanifolds. 
To remove the parametrization would mean taking the quotient of S n /i _1 (0) by 
DifiV(M). 

As is well-known, if a group acts on a symplectic manifold with moment map 
H and acts freely and discontinuously on /x _1 (0), then the quotient 

IT\Q)/G 

is again a symplectic manifold, the symplectic quotient. Furthermore, taking the 
symplectic quotient of a Kahler manifold by a group which preserves both the com- 
plex structure and Kahler form yields again a Kahler manifold, using the quotient 
metric. Now 

5n/i _1 (0) 

is the zero set of the moment map for Go acting on the Kahler manifold S, and so 
S (~l /i _1 (0)/Go is, formally speaking, a manifold with a natural Kahler metric. 

What is it? Using gerbes we can say precisely. Since Go was the subgroup 
preserving equivalence classes of degree one gerbes, this quotient is the moduli 
space M. of pairs (M, Q) where M C Z is a special Lagrangian submanifold and Q 
a degree one gerbe on M. 
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2.4. The Kahler metric. To a certain degree what we did in the previous 
section was formal. It has to be supported by a theorem which asserts that there 
really is a manifold which is the moduli space so described. But this is where 
McLean's work comes in. 

To begin with consider the tangent space of the moduli space M. as described 
by the symplectic quotient construction above. Tangent vectors are sections X £ 
C°°(f*TZ) which satisfy three conditions. The first expresses the fact that we 
have a vector tangent to the zero set of the moment map for Go and then two more 
which describe the tangent space to the Kahler submanifold S: 

• d{i{X)w) = 

• d(t(X)Oi) = 



d(i(X)Q 2 ) = 



All three expressions are to be interpreted as forms restricted to the special La- 
grangian submanifold f(M) (which we shall call M). The tangent space of the 
moduli space is formally the quotient of this space of sections by the tangent space 
to the orbit of Go- 

To analyse this closer, note that since u> vanishes on M, then M itself has no 
complex tangent vectors, so the orthogonal complex structure / : TZ — > TZ on the 
Calabi-Yau manifold Z maps TM C TZ to its orthogonal complement, the normal 
bundle N C TZ. Now decompose each section X of TZ over M into its normal 
and tangential parts: 

X = X n + X t 

The special Lagrangian condition says that u> and tt 2 restrict to zero on M, so that 
L{X t )io and i(X t )fl 2 are both zero on M. The first and third conditions thus only 
depend on X n . We use this to prove the following: 

Lemma 2.4. With respect to the induced metric on M, l(X)lo = — * l(X)Q 2 . 
Since d{i{X)oj) = and d(b{X)Q, 2 ) — it follows that l(X)ui is a harmonic 1-form 
on M. 

Proof. On an oriented Riemannian manifold with volume form V, let X be 
the vector field dual to the 1-form a (i.e. a(Y) = g(X,Y) for all vector fields Y). 
Then 

*a = l(X)V 

Now take a = i(X n )oj. The vector field dual to this in the Kahler metric on Z is 
IX n , which is tangent to M, so this is its dual on M in the induced metric. Now 
since £l\ restricts to the volume form V on M, 

i(ix n )v = t(JAn)n x = -L(x n )n 2 



from (2.7), which completes the proof. □ 



From the lemma, the normal components of X have the property that i(X n )u) 
lies in the finite-dimensional space of harmonic 1-forms. By Hodge theory this has 
dimension b\ (M), the first Betti number of the compact manifold M. Now consider 
the second condition d(i(X)fli) — 0. Since from ( pTij ) i(X n )fli — L(IX n )Q 2 = 
on M, this is a condition only on the tangential part X t , but since Sli restricts 
to the volume form V, d(t(X)di) — is simply the condition that X t is volume 
preserving. As we know that Diffy(M) acts on our space, X t is thus an arbitrary 
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volume preserving vector field. Our moduli space is the quotient by the action of 
Go, whose Lie algebra is defined by the exact 2-forms, so the quotient consists of 
closed forms modulo exact forms - the cohomology group H 2 (M, R). We obtain 
therefore a description of the tangent space of the moduli space as an extension 

-► H 2 {M,R) -> T -> H l {M,B) -> 

In particular since dimM = 3, dim H 2 (M, R) = dim if 1 (M, R) and so the supposed 
tangent space has real dimension 2b±(M), or complex dimension b\{M). 

Passing from the formal to the actual situation, we use McLean's result, which 
shows that every harmonic 1-form arises as a tangent vector for a one parameter 
family of deformations of a given special Lagrangian submanifold: 



Theorem 2.5. [12] A normal vector field X to a compact special Lagrangian 
submanifold M is the deformation vector field to a normal deformation through 
special Lagrangian submanifolds if and only if the corresponding 1-form IX on M 
is harmonic. There are no obstructions to extending a first order deformation to 
an actual deformation and the tangent space to such deformations can be identified 
through the cohomology class of the harmonic form with H [M, R). 

With this result we have the structure of a &i (M)-dimensional real manifold 
on the moduli space of special Lagrangian deformations of M . We know already 
that the equivalence classes of gerbes form a torus, so we have a Kahler manifold 
of complex dimension b\(M) as our symplectic quotient. Let us look closer at its 
differential-geometric properties . 

First we note that the full group DifiV(M) acts on S preserving the symplec- 
tic form and complex structure and hence the metric. Thus the quotient group 
Diffy(M)/Go acts on Ai holomorphically and symplectically and hence also its 
connected subgroup 

G/G = H 2 (M, R/Z) 
which is a torus T n of dimension n = b±(M). It acts freely on M. and its quotient 
is the moduli space B of special Lagrangian submanifolds. 

The group Diffy(M) also acts as reparametrizations of the submanifold M, so 
that the tangent vectors to its orbits in Map(M, Z) are sections X € C°°(f*TZ) 
which lie in TX . From the definition of the symplectic form on Map(M, Z), 



<p{X,Y) = / uj(X,Y)V 
Jm 

This is zero if M is Lagrangian. Hence the rt-dimensional orbits of T n are La- 
grangian themselves. 

If X\ , . . . , X n are the generating vector fields of T n = S 1 x • • • x S 1 , then 
since there are no complex directions in a Lagrangian subspace, the vector fields 
Xt, . . . , X n together with IX\ , . . . , IX n form a trivialization of the tangent bundle 
of M.. Furthermore, since the Xi preserve the complex structure /, 

Z\ = X\ — iIX\, , Z n = X n — iIX n 

are n commuting holomorphic vector fields. In other words, a subset M.q C M. is 
biholomorphically equivalent to a neighbourhood of 

{S x ) n c (C*) n 
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Choose A4q to be fibred over a ball Bq C B. Note in passing that the trivialization 
by the holomorphic vector fields defines a trivialization of the canonical bundle of 
M. 

Now M.q is homotopy equivalent to an orbit of T n and the Kahler form (which 
we shall call u>) restricts to zero on each orbit since they are Lagrangian. Thus the 
cohomology class of u> is trivial, so there exists 9 € fi 1 (A^o) such that 

Lu = d9 = d{9 lfi +9 ' 1 ) 

Since u is of type (1,1), we have d9 01 — and so since the higher Dolbeault 
cohomology of a product of open sets in C* vanishes, we can find a function / such 
that df =6°' 1 , hence 

uj = d(df + 8f) = 2iddcj) 
so that 4> — Imf is a Kahler potential. 

Averaging over the compact group T n we can find a T™-invariant potential, 
and thus, using local coordinates 

(z 1 ,...,z„)^(e Zl ,...,e z ")eC*" 

we have 

<f>(zi, z n ) = 4>{zx +Zi,...,Z n + z n ) 

The Kahler potential is thus a function only of the real part xt of the holomorphic 
coordinates zi. These metrics were studied by Calabi in |3j. In particular, the Ricci 
tensor vanishes and dz\ A • • ■ A dz n is a covariant constant holomorphic n-form if 
and only if the function <fi satisfies a real Monge- Ampere equation 

det d ^ = const 

OXiOXj 

The metric can now be written relative to the coordinates Xi , yi as 
(2.8) g = 2J q x .q x (dxidxj + dyidyj) 



Since T n acts isometrically on M, we can define a quotient metric on the base 
space B, the moduli space of special Lagrangian submanifolds M. Since X\,...,x n 
are T™-invariant they define local coordinates on B and the quotient metric has the 
Hessian form 

9 - E jij^' h - >'<■'■> 

ho 

There is another way of seeing this matrix of coefficients for the metric. Note 
that in our local coordinates Zi = Xj + iyj, the orbit of T n over the point in B with 
coordinates [x\, . . . , x n ) is e lyi , . . . , e lVn . Thus 

^-dyi, . . . , ^-dy n 

are forms whose de Rham cohomology classes form an integral basis for the first 
cohomology of each fibre of Mo — * Bq. Now IdXj = dyj, and I is orthogonal so the 
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metric on each torus is the flat metric 

Using that description, we have a map from the base space Bq into the moduli space 
of flat real n-tori, which can be identified with the space of n x n positive definite 
matrices GL(n, R) + / SO(n). This map is 

d 2 (j> 
dxidxj 

Globally it is well-defined modulo the action of GL(n, Z), since dyi/2ir, . . . , dy n /2-K 
define an integral basis of H 1 (M, R). 



3. MIRROR SYMMETRY 
3.1. The SYZ approach. In 
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Strominger, Yau and Zaslow gave a geo- 
metrical approach to mirror symmetry which has generated much interest recently. 
The reader is referred in particular to the papers of M. Gross B,[10|. The setting 



is that of a Calabi-Yau manifold Z (let's take three dimensions for simplicity) and 
a special Lagrangian 3-torus M C Z. As we know, from McLean's theorem this be- 
longs to a family of deformations through special Lagrangian tori, whose dimension 



dim^ = 6i(T 3 ) = 3 



Strominger, Yau and Zaslow make the assumption that there is a smooth map 
p : Z — > B to a compact 3-manifold such that the generic fibre is one of these 
special Lagrangian tori. Over some discriminant locus in B, the fibres are supposed 
to degenerate into singular spaces, like the elliptic curves in a holomorphic elliptic 
fibration of an algebraic surface. It has to be said that, at the moment of writing, 
no example of this phenomenon is known which incorporates all of the data: a 
Calabi-Yau metric, a complete family of degenerating special Lagrangian tori, and 
a smooth base space. But then, the only way we have of finding Calabi-Yau metrics 
on compact threefolds is by the existence theorem of Yau, and it is not easy to 
imagine what a concrete example might be. Let us assume however that such 
things exist, then we can make some observations. 

The first is that the complement B' C B of the discriminant locus can be 
identified with a global version of our moduli space B of special Lagrangian defor- 
mations of a fixed torus. This is because both B and B are three-dimensional so 
every sufficently small deformation in McLean's family is a fibre of p. We have one 
more property from the fibration however: the normal vector fields which define 
the deformations of a fibre M over a point x G B' are just the pull-backs of a basis 

Odd 
dx\ 1 8x2 ' 8x3 

of the tangent space (TB') X . In particular they are linearly independent as sections 
of the normal bundle at each point of the fibre M. Hence the three harmonic 1-forms 
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on the torus M must be linearly independent at each point. This is not necessarily 
true for an arbitrary metric on a torus but since it is true for a flat torus it is at 
least true for metrics which are sufficiently close to being flat. 

Given this special Lagrangian torus fibration, Stromingcr, Yau and Zaslow 
propose that the mirror partner Z of the Calabi-Yau manifold Z should be the 
moduli space of pairs consisting of a special Lagrangian torus and a flat line bundle 
over it. Clearly this has the same flavour as the moduli space M we have described: 
pairs consisting of a special Lagrangian torus and a degree one gerbe. To put 
everything in its proper place, however, we need to study further properties of 
gerbes. 

3.2. Linear equivalence of points. When 19th century mathematicians 
were studying divisors on Riemann surfaces, they didn't use the language of line 
bundles, but nevertheless established most of the basic theorems in the subject. 
Nowadays we would say that given a set of points pi , . . . , p n on a Riemann sur- 
face X, the divisor D = pi + ■ ■ ■ + p n defines a line bundle Le with a section 
which vanishes on D. Given another divisor E = q\ + ■ ■ ■ + q n , then D is linearly 
equivalent to E if the two line bundles Le and Le are holomorphically equivalent: 
Ld — Le = L. If that is true then D and E are the zeros of two holomorphic 
sections sd, se of the same line bundle L, so that se/se is a meromorphic function 
with zeros on D and poles on E. And this is what our forebears used instead of 
line bundles: holomorphic functions on X\{D U E}. 

Suppose we now have a set of points p\,...,p n in a compact Riemannian 3- 
manifold X. We wish to introduce an analogous equivalence relation, but what 
should we expect? The Riemann surface example can be thought of this way: se 
defines a trivialization of the line bundle L outside D and se outside E. The 
difference of the two trivializations is a function, which for linear equivalence must 
be a holomorphic function. If D and E are now of codimension three, we should 
expect linear equivalence to be framed in the language of differential equations on 
line bundles defined in the complement of D U E - moving one step up in the 
hierarchy. There is such a notion, which we shall see next. 

Recall from Lecture 1 that we defined a connection on the gerbe Q p correspond- 
ing to a point p € X 3 by using the Hodge theory of currents. Its curvature was V 
where the volume form was V and X had volume 2ir. So given two points, the gerbe 
GpGq 1 has a connection whose curvature is zero. We shall say that p and q are 
linearly equivalent if the holonomy in H 2 (X, R/Z) of this flat connection is trivial. 
Similarly given two sets of points p\ , . . . , p n and qi , . . . , q n we say that p\ + ■ ■ ■ + p n 
is linearly equivalent to qi + ■ ■ ■ + q n if the holonomy of Q Pl Q^ 1 . . . Q Pn is trivial. 

Now the connection on Q v was obtained by taking an open covering of J by a 
coordinate neighbourhood U p oip and the complement of p and putting F = d*H p 
on X\{p} where 

dd*H p = V- 2ttS p 

and choosing F\ = d*H\ with dd*Hi = V on U p . Thus the connection on the 
gerbe GpGq 1 is given by taking a covering of X by coordinate neighbourhoods 
Up,U q of p and q and U = X\{p,q} and then taking F = d*(H p — H q ) on U, 
Fi = d*(Hi - H q ) on U p , F 2 = d*(H p - H 2 ) on U q . These are all smooth closed 
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2- forms on their respective open sets, and the cohomology class of F/2-k restricted 
to H 2 (U p \{p},TL) ^ R or H 2 (U q \{q}, R) is integral. 

Now it is easy to see that when we have a trivialization of a flat gerbe (and a 
splitting E = T* © 1 as in Section 1.6) so that the gerbe connection is represented 
by a closed 2-form F, the holonomy, which we described in Lecture 1 in Cech terms, 
is also given in de Rham terms by the image of the cohomology class 

[F/2%] e H 2 {X,K) -» H 2 (X,R/Z) 

This is directly analogous to a flat connection on a line bundle being defined by a 
global closed 1-form A, whose periods modulo 27rZ define the holonomy. But now 
in the Mayer- Vietoris sequence for X = U U (U p U U q ) we have 

H 2 (X, R/Z) -» H 2 (U, R/Z) -> H 2 {U P \{ P ], R/Z) © H 2 (U q \{q}, R/Z) 

and so since the restriction of [F/2w] G H 2 (U, R) is an integral class in the coho- 
mology groups H 2 (U p \{p}, R) and H 2 {U q \{q], R), the holonomy of the flat gerbe 
connection is uniquely determined by the cohomology class of F in U. 

It follows from the definition of linear equivalence that p is linearly equivalent 
to q if and only if the closed form F/2n defines an integral class in H 2 (U, R). 

We can interpret this result in the language of connections on line bundles, as 
we hoped, since if F/2n has integral periods, then F is the curvature of a connection 
A on a line bundle defined over U. But F = d*H where 

dd*H = 27r((5 g - 5 P ) 

so that *H — 4> is a harmonic function with a singularity of the form l/2r at q and 
— 1/27- at p. We have therefore a solution of the Dirac monopole equation (or S 1 
Bogomolny equations) on X 3 : 

Fa = *d A (f> 

This represents a charge 1 monopole located at q and a charge —1 monopole at p. 
These are the natural gauge-theoretic equations for line bundles in 3 dimensions. 

This discussion of linear equivalence using gerbe connections is satisfactory in 
the sense that it sits nicely above line bundles and divisors in the hierarchy, but it 
is not a practical way to determine if sets of points are linearly equivalent. This is 
provided by the following theorem: 

Theorem 3.1. (see ^) The sets of points p\, . . . ,p n and q\, . . . , q n in a com- 
pact Riemannian 3-manifold X are linearly equivalent if and only if 

W oez 

for each harmonic 1-form 9 on X with integral cohomology class. 

The contour integral in the theorem is taken by using any smooth path ji from 
Pi to qi. Since the integrals of 9 over closed paths are integral, the condition is 
independent of the path. 

Proof. To address the theorem, let us for simplicity take just two points p 
and q. Then these are linearly equivalent if and only if the 2-form F/2it has integral 
periods in U = X\{p, q}, where F — d* H and 

dd*H = 2Tr{6 q - 5 P ) 
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If tp is a closed 1-form with compact support in U and integral cohomology class in 
the compactly supported cohomology of U, then this is equivalent to the condition 



(3.1) / <^AFe27rZ 

Ju 

for all such tp. Now let 7 be a path from p to q. As a current we define 

{1,0)-- 



but as a current 7 also has a Hodge decomposition 
(3.2) 1 = A + dB + d*C 

where A is the harmonic part, which by elliptic regularity is a smooth globally 
defined harmonic 2-form. Now by Stokes' theorem 

(d 7 ,/) = ( 7> 4f)= / df = f(q) - f(p) 

so that 



7 



dj = S q - S p 

Hence from ( |3.2| ) 

dd*C = S a — S v = — dd* H 
q p 2tt 

and so 2nd*C = d*H = F. 

Now since the boundary of 7 is q — p, 7 is an integral relative cycle in U = 
X\{p, q}, and so if if is a compactly supported 1-form with integral cohomology 
class, 

tp e z 

7 



Now since dip = 0, {dB, tp) = so from (3.2) 



{■y,ip) = {A,<p) + —(F,<p) 
Zn 

and hence since (7, tp) G Z, (i 7 *, y>) S 27rZ if and only if {A, ip) 6 Z. 

Now let 9 be a harmonic 1-form on X, then since d9 = d*6 = 0. 

(7, 0) = (A + dB + d*C, 6) = {A, 6) 

But 9 is cohomologous to a closed form <p> with compact support in U: all we have 
to do is solve df = in the open sets U p and C/ g , extend to a global function using 
a partition of unity and write ip = 9 — df. It follows, since A is closed, that 

(A, 6) = (A, ip) 

Thus finally, p and q are linearly equivalent if and only if {A, 9) is an integer 
for all harmonic 1-forms with integral cohomology class. □ 

Another way to formulate Theorem 3.1 is to define the Abel-Jacobi map 

u : X -> H 2 {X, R/Z) 
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by choosing a base point p and defining 



(u(x),[9}) = 




for [9] e H 1 (X, R) the de Rham cohomology class of the harmonic 1-form 9. Then 
Pi + • • • + p n is linearly equivalent to q\ + ■ ■ ■ + q n if and only if 

i i 

3.3. Degree one gerbes. Recall our Kahler quotient construction in Lecture 
2 of a natural Kahler metric on the moduli space M. of special Lagrangian subman- 
ifolds and degree one gerbes. As we have already noted, in a special Lagrangian 
torus fibration this is 3-dimensional, just like the Calabi-Yau manifold Z. There is 
a close relationship, as we shall see now. 

Let Z' C Z be the open set of Z which is fibred by nonsingular special La- 
grangian tori. Then each point z e Z' lies on a unique special Lagrangian torus 
M z . Furthermore z € M z defines a degree one gerbe Q z on M z where we take the 
normalized volume form for its curvature. We therefore obtain a natural map: 

J : Z 1 -> M 

defined by J{z) = (M Z ,Q Z ). 

Theorem 3.2. Let Z be a 3-dimensional Calabi-Yau manifold with a special 
Lagrangian torus fibration. Then the map J : Z' — > M is a diffeomorphism. 

Proof. The map J is clearly smooth and commutes with the projections onto 
B, the moduli space of special Lagrangian tori, so it remains to prove that the map 
on the fibres is a diffeomorphism. 

Consider a fibre M = T 3 C Z'. The corresponding fibre on M. is the moduli 
space of degree one gerbes on M, also a 3-torus. If we choose a basepoint p G M, 
and make [Q p ] an origin in the moduli space of gerbes, then the map J can be 
interpreted as the map 

j : M ^ H 2 (M,R/Z) 

where j(q) is the holonomy of the flat gerbe GqGp 1 - We can easily see from the 
proof of Theorem 3.1 that this is the Abel-Jacobi map u (in particular it is clear 
that j(p) = j(q) if and only if p and q are linearly equivalent). 

Let us consider the kernel of the derivative of j = u at q e M. By the definition 
of u, this consists of the tangent vectors X e T q M such that 

i(X)0\ q = 

for all harmonic 1-forms 9 on M. But as we noted, for a fibration the harmonic 
1-forms are linearly independent at each point so the kernel is always zero and j is 
a local diffeomorphism. Since M is compact it is a covering map. 

But now the Abel-Jacobi map is defined for all metrics, and for the flat metric on 
the torus, u : T 3 — > H 2 (T 3 , R/Z) is a diffeomorphism. In particular the induced 
map on 7Ti(T 3 ) = Hi(T 3 ,Z) is an isomorphism. Any metric can be continuously 
connected to the flat metric hence the induced map: 

u* : Fi(T 3 ,Z) ^fli(ff 2 (T 3 ,R/Z),Z) 
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is an isomorphism for all metrics. It follows that the covering map is a diffeomor- 



As a consequence of this result, we now see Z' naturally (but not isometrically or 
symplectically) identified with the mo duli space M of special Lagrangian tori and 
degree one gerbes. We have given in ( |2.8| ) a local analytical form for the natural 
metric on M. 



obtained by a quotient construction, but it will be useful to see some of its features 
in a more geometrical fashion. Note that if Tp is the tangent bundle along the 
fibres, the orbits of T 3 , then ITp is transversal to the fibres and T 3 — invariant. It 
therefore defines the horizontal subspaces of a connection on Ai considered as a 
principal T 3 bundle over B. This connection is moreover flat, since the horizontal 
subbundle is spanned by the commuting vector fields IXi,IX 2 ,IX 3 . From the 
form of the metric, in the local coordinates Xi, yi the horizontal subspaces integrate 
to the submanifolds (2/1,2/2,2/3) = const. 

There is also a flat connection arising from the point of view of gerbes. Consider 
the 3-form flj on Z and restrict to Z a = p^ 1 (Bq) By assumption the closed form 
£li/2n restricts to an integral class on each fibre, but Z is homotopy equivalent to 
a fibre, so the integrality condition holds on Z itself. We can therefore find a gerbe 
Ti with connection and curvature f^i on Zq which restricts to a degree one gerbe 
on each fibre of Zq. Any two such choices differ by a flat gerbe whose holonomy 
in H 2 {Zq,TL/'L) is determined (again by homotopy invariance) by its value on any 
fibre. Thus choosing such gerbes with connection on Zq gives a family of sections 
of A4q — > Bq and their tangent spaces generate a flat connection on the whole of 
M.. This is a Gauss-Manin connection in the context of gerbes. We shall show that 
it coincides with the connection ITp. 

A horizontal space of the Gauss-Manin connection integrates to the equivalence 
classes of maps / : M — > Z and degree one gerbes Q such that 



Fix three 2-dimensional tori T\, T2, T3 in M whose homology classes form generators 
of H2(M, Z). For each gerbe Q, restrict to 7$. Since the subtori arc 2-dimensional 
the gerbe is flat on each of them, so take the holonomy on each to define a map 



Tensoring with a flat gerbe on M, we see that the map H is equivariant with respect 
to the action of T 3 and surjective, so a fibre is defined by (2/1,2/2, 2/3) = (ci, C2, C3). 
But by definition, a flat leaf of the Gauss-Manin connection is the subset for which 
G = f*TL has fixed holonomy around the 2-tori, i.e. is given by (2/1,2/2,2/3) = 
constant and so we see that the two flat connections coincide: one defined by the 
complex structure I, and the other by homotopy invariance for the parametrized 
objects. 

The result we have here - an identification of the original Calabi-Yau with a 
moduli space of special Lagrangian tori and gerbes - is not part of the original 
Strominger-Yau-Zaslow approach but it puts the SYZ mirror into the same context 



phism and the theorem is proved. 



□ 




g^rn 



H (R/Z) 3 
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as the original Calabi-Yau. There is a difference however. Whereas, our mod- 
uli space M consists of a bundle over B whose fibres are flat tori isomorphic to 
H 2 (M, R/Z), the SYZ mirror is a similar bundle whose fibres are isomorphic to 
the moduli space of flat connections on M - the dual torus H 1 (M,R/Z). Before 
we continue to relate the two, we need to consider linear equivalence in a different 
setting, for codimension three submanifolds of the Calabi-Yau. 

3.4. Linear equivalence of special Lagrangian submanifolds. We saw 

right at the beginning that topologically we can associate a gcrbc to an oriented 
submanifold of codimension 3. Since fli restricts to a volume form on a special La- 
grangian submanifold, then special Lagrangians in 3-dimensional Calabi-Yau man- 
ifolds are codimension three and oriented. We need to consider the differential 
geometry of the gerbes they generate. 

The situation for general codimension three submanifolds is very similar to 
that of points in a 3-manifold. Given M n ~ 3 C X n and G G il 3 (X) a closed 3-form 
cohomologous to 2ttM in the de Rham cohomology of currents, we can solve the 
equation for currents 

AH = G - 2ttM 

In this case H is a singular form of degree (n — 3), but because dG = dM = 0, 
AdH = and dH is harmonic. But it is also exact and hence zero, so as before we 
have 

dd*H = G- 2ttM 

Now on coordinate neighbourhoods U a of M we can solve dd*H a = G with dH a = 
(this is basic local potential theory). We cover X with these open sets and Uo = 
X\N(M). Then on U D U a , d(d*H - d*H a ) = and has cohomology class in 2ttZ 
so is the curvature F of a connection V Q o- This way we construct the data necessary 
to give a gerbe connection: line bundle connections V Q ^, V Q o with curvature 

F a Q = d* H — d*H a , F a p = d* Hp — d*H a 

and 2-forms 

Fq — d*H, F a — d H a 

such that Fp — F a — F a p. The curvature of the connection is G (since dd*H = 
G = dd*H a ). 

Since a codimension three submanifold M defines a gerbe Qu with connection, 
we can ask for linear equivalence in the same sense as for points: if M n ~ 3 and N n ~ 3 
are homologous, we say that they are linearly equivalent if the flat gerbe Q^Q N 
has trivial holonomy. And again, using the language of currents, M and N are 
linearly equivalent if and only if 

L ,ex 

for each harmonic (n — 2)-form on X with integral cohomology class, where T is 
a smooth chain with dT = M — N , for example an (n — 2) manifold with boundary 
M - N. 

Let us focus now on special Lagrangian submanifolds of a 3-dimensional Calabi- 
Yau manifold. Each such manifold M 3 C Z has, as we have seen, a unique family 
of deformations as special Lagrangian submanifolds. An obvious question is: are 
these deformations all linearly equivalent to Ml There is a straightforward answer: 
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Theorem 3.3. A special Lagrangian submanifold in a compact Calabi-Yau 3- 
manifold is linearly equivalent to any of its deformations if and only if the restriction 
map H 2 (Z,K) -> H 2 (M,R) is zero. 

Proof. Let 7 be a curve in the moduli space B of deformations from the point 
p € B representing M and an arbitrary point q € B. Then there is a corresponding 
smooth map 

F:Mx[0,l]-tZ 

such that F t (M) is the deformation of M = Fq(M). Now M is linearly equivalent 
to F t (M) if and only if 



F*9 G Z 

I Mx[0,t] 

for each harmonic 4-form 9 £ £l 4 (Z) with integral cohomology class. Differentiating 
with respect to t at t = this implies that 

(3.3) / l{X)6 = 

JM 

where X is the section of the normal bundle defining an infinitesimal variation of 
special Lagrangian submanifolds. This must hold for all harmonic 9 with integral 
cohomology class and so by linearity for all 9. 

Now by Hodge theory the map L : il 2 (Z) — ► il 4 (Z) defined by La — ui A a is 
an isomorphism from harmonic 2-forms to harmonic 4-forms, so we can write 

9 = lu A a 

for a harmonic 2-form a. Now 

i{X)9 = (l(X)uj) Aq + wA (i(X)a) 
but M is Lagrangian, so that u> restricts to zero on M, thus ( |3.3|) becomes 

(i(X)w) Aa = 

M 

But now we know that l(X)ui restricted to M is a harmonic form, and moreover 
any harmonic form is the derivative of a variation through special Lagrangian sub- 
manifolds. Thus if all deformations are linearly equivalent to M, 



?Aa = 

1 M 

for all harmonic 2-forms a on Z and all harmonic 1-forms 9 on M. Since the 
harmonic 1-forms run through each cohomology class this means that the cohomol- 
ogy class [a] of a on M vanishes, which is the theorem. The converse follows by 
differentiating the integral 



F*9 

'Mx[0,i] 

with respect to t. □ 



If two codimension 3 submanifolds are linearly equivalent on a 3-dimensional Calabi- 
Yau, then as before we have a line bundle with connection and curvature F on the 
complement of the two submanifolds, and such that the 4-form *F is closed. If the 
submanifolds are special Lagrangian we can say more. 



LECTURES ON SPECIAL LAGRANGIAN SUBMANIFOLDS 



2!) 



First consider the Lagrangian condition that lu vanishes on M. This means 

that 

wA(9 = 

for all 1-forms 9, so as a current u A M = 0. So if AH = M — N and both M and 
N are special Lagrangian, 

A(H Aw) = 

Thus i? A uj is a smooth (by elliptic regularity) harmonic 5-form. In fact on a 
compact Calabi-Yau such forms exist only if they are covariant constant, so if we 
assume that the metric is irreducible then H A u = 0, so that H is a primitive 
3-form. 

We also have the special Lagrangian condition that restricts to zero on M 
and N. This means similarly that 

A(H A0 2 ) = 

so that (H A O2) is a constant multiple of the volume form of Z. In fact, if we 
decompose the current H as 

H = $T2i + 6fi 2 + h 

where h is a current of type (2, 1) + (1,2) then the above observations say that h 
is primitive and b is constant. Now the curvature F of our connection is given by 
d*H. It follows from this that F satisfies the conditions 

AF 1 ' 1 = 0, F 2,0 = * 3 dcj) 

where *3 : fl 1: °(Z) — > il 2 '°(Z) is the complex Hodge star operator on Calabi-Yau 
manifolds introduced by Donaldson and Thomas in Q. In fact these equations 
are the dimensional reductions to 3 dimensions of their (abelian) SU(4) instanton 
equations on Calabi-Yau 4-manifolds. 

3.5. SYZ with a B-field. Now let us return to the Strominger-Yau-Zaslow 
construction of the mirror Z of a 3-dimensional Calabi-Yau manifold Z with a 
special Lagrangian torus fibration. Their mirror is the moduli space of pairs (M, L) 
where M is a special Lagrangian torus in the fibration and L a flat line bundle 
over M. If we compare this to our moduli space A4 which models Z, then we 
notice a difference. Both are torus fibrations, but the torus of degree 1 gerbes has 
no distinguished origin, whereas the class of the trivial flat line bundle gives the 
mirror a distinguished section. We can balance the picture by introducing another 
object, in fact a flat gerbe, which physicists do in any case for other reasons. This 
is the B-field. 

Very briefly, mirror symmetry is supposed to exhibit certain features, one of 
which is a duality between the Dolbeault spaces H 1 (Z 1 T) and iJ 1 (Z, T*). The 
first defines infinitesimal deformations of the complex structure, the second defor- 
mations of the Kahler class [oj]. This is fine except that [u>] is real, and indeed 
the space FL X (Z, T*) has a real structure from complex conjugation on (1, 1) forms 
whereas H 1 (Z,T) is complex. A twin field to the cohomology class of the Kahler 
metric is introduced to restore the balance, and this is the B-field. What exactly 
it is geometrically may not be clear in the literature, but the fact that it carries a 
cohomology class in H 2 (Z, R/Z) is important. Given the general drift of our ap- 
proach in these lectures, it is reasonable to suggest that the B-field is in fact a flat 
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gerbe B and the class in H 2 (Z, R/Z) is its holonomy. Let us make that assumption, 
then we can define an analogue of the SYZ mirror where the torus fibration has no 
distinguished zero section. 

Let us make a further assumption that the special Lagrangian torus fibres are 
linearly equivalent, then from Theorem 3.3, the restriction map for the second 
cohomology H 2 {Z, R) — > H 2 (M, R) is zero. This means that the restriction map 
H 2 (Z, R/Z) — » H 2 (M, R/Z) is trivial and so the flat gerbe B has trivial holonomy 
on each torus fibre. We can therefore take its flat trivializations, any two of which 
differ by a flat line bundle. We thus define the SYZ mirror Z of a Calabi-Yau with 
a B-field as the moduli space of pairs (M, T) where M is a special Lagrangian torus 
and T is a flat trivialization of the gerbe B on M . When B is the trivial flat gerbe, 
we obtain the original SYZ mirror. 

We also have a Gauss-Manin connection for this definition of the mirror. The 
inverse in Z of a small ball in B is homotopy equivalent to a fibre, and so the 
holonomy of B vanishes there too, and any flat trivialization is determined by its 
restriction to a fibre. By comparing with the metric on A4 = Z, we use this flat 
connection to split the tangent bundle into horizontal and vertical parts. Compare 
the two: 

TZ = H 2 (M,R) ®H 1 {M,R), TZ = H 1 (M, R) © H 1 (M, R) 

Here we see that, without any further information, the natural pairing on cohomol- 
ogy defines the symplectic form to on Z . By contrast we have 

TZ = B X {M, R)®C 

so that we naturally get an almost complex structure. There is more than that 
however. We use the splitting for TZ to define a metric on Z. On the horizontal 
space we put the metric from the base B and on the fibre the metric of the torus 
iT^M, R/Z). This is the dual torus to H 2 (M,R/Z) so the metric is 

(3.4) g = ^2 gijdxidx-j + g lJ dr]idr]j 

id 

where 

d 2 <t> 

9ij 



dxidx 



j 



and <? y is the inverse matrix of gij representing the metric on the dual torus. This 



is not obviously a Kahler metric, but following |11| we shall see that it is, in fact. 

Let V be a real vector space and V* its dual, then we can define a constant 
symplectic form on V x V* by 

uj((a, a), (b, 13)) = (a, 0) - (b, a) 

We can also define an indefinite flat metric by 

g({a,a), (a, a)) = -{a, a) 

If we think of V x V* as the cotangent bundle of V, then uj is just the canonical 
symplectic form u> = dxiAd^i and a general Lagrangian submanifold Y C V xV* 
is the graph of the derivative of a function: 
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The induced metric on Y is 

dxjd£j = ^2 g x dxidxj = y^ j g l jdxjdx J 

i i,j 1 3 i,j 

This is in precisely the Hessian form of the metric on B. 

On the other hand, we can think of V x V* as the cotangent bundle T*V* , in 
which case Y can be written as 

_df 



But then 



so that 



. \- d 2 f d£ k ^ d 2 f &f 

On = 



13 ^ d£id£ k dxj diidi k dxjdx k 



k " J k 



d 2 f 



and the same induced metric on Y is 

9 2 f j j v- 5 2 / 



I, J J z,y 



The transformation / i— > / is the classical Legendre transform. 
Thus, if we use coordinates £j,T)j instead of Xj,r]j the metric ( \j.4j ) becomes 

d 2 (f) 

u zl wm ^ 1 ^ 3 + ' / ' /, ' / ' / ' : 

This is, as before, Kahler with potential <fi. 

Thus the SYZ approach coupled with the theory of gerbes, gives a symmetry 
between metrics on Z and Z. Neither of these metrics is part of a metric on a true 
compact Calabi-Yau manifold, because of the high degree of symmetry: there are 
no Killing fields on an irreducible compact Ricmannian manifold with zero Ricci 
tensor. The most one can hope for is that this metric is the leading order term 
in a more general expression which incorporates what are known as "instanton 
corrections" . 
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